Introduction
Spacelike h ypersurfaces with prescribed mean curvature have p l a yed a major role in the study of Lorentzian manifolds. Maximal (mean curvature zero) hypersurfaces were used in the rst proof of the positive mass theorem ( 17] ). Constant mean curvature hypersurfaces provide convenient time gauges for the Einstein equations ( 7] ). For a survey of results we refer to 3].
In 5] and 6], it was shown that entire solutions of the maximal surface equation In fact, estimates for this quantity form the basis of existence proofs for spacelike hypersurfaces with prescribed mean curvature functions in a variety of contexts. These surfaces are described by nonlinear elliptic partial di erential equations of the same type as the maximal surface equation. The a priori gradient estimate implies that the equation is uniformly elliptic so that topological xed point a r g u m e n ts can be employed in order to prove the existence of a solution (see 4] , 1]-3], 14]). These arguments are indirect in nature.
In 9] and 8], a direct approach to the existence problem was taken. Solutions of mean curvature equations were constructed as stationary limits of a geometric heat ow which evolves the spacelike hypersurfaces in the direction of their future directed unit normal with speed given by the di erence of the actual and the desired mean curvature. This so-called mean curvature ow has been extensively studied in Euclidean space (see 12] ). In 9], the case of cosmological spacetimes was treated where one is dealing with the ow of compact hypersurfaces. In 8], noncompact hypersurfaces in asymptotically at spacetimes were considered but with the strong restriction that the initial surface be asymptotic to a time slice of the spacetime. This essentially amounts to assuming a global bound for the gradient function.
In this paper, we study mean curvature ow of noncompact spacelike h ypersurfaces in Minkowski space without any restrictions on their behaviour at in nity. It turns out that some of the most interesting solutions of this ow h a ve exponentially growing mean curvature at in nity and therefore cannot bedealt with in the framework of any standard theory for parabolic di erential equations. In Euclidean space, mean curvature ow of noncompact hypersurfaces was studied in 10], 11].
Minkowski space L n+1 is R n+1 endowed with the metric h i de ned by hX Yi = x y ; x n+1 y n+1 for vectors X = ( x x n+1 ) Y = ( y y n+1 ): Spacelike h ypersurfaces M L n+1 have a n e v erywhere timelike normal eld which w e assume to be future directed and to satisfy the condition h i = ;1. Such surfaces can be expressed as graphs of functions u : R n ! R satisfying jDu(x)j < 1 for all x 2 R n .
We consider a family of spacelike e m beddings X t = X( t ) : R n ! L n+1 with corresponding hypersurfaces M t = X t (R n ) satisfying the evolution Then a solution u of (2) is given by u(x t) = u 0 (x) + t:
In the case n=1, u 0 (x) = log cosh x is a particular solution of (3) . Note that the graph of this solution is geodesically incomplete. The mean curvature grows exponentially at in nity. In particular, the maximum principle does not apply in this case. The translating solution given by u(x t) = log cosh x + t lies initially underneath the homothetic solution given by p x 2 + 2 t but crosses it at in nity a t t i m e t = l o g 2 .
In Section 2, we establish the existence of solutions of (3) for general n. The construction of translating solutions of mean curvature ow in more general asymptotically at spacetimes and their possible applications in general relativity are the subjects of further investigation. Translating solutions can be regarded as a natural way of foliating spacetimes by a l m o s t n ull like h ypersurfaces. Particular examples may give insight i n to the structure of certain spacetimes at null in nity.
In Section 3, we p r o ve a n i n terior estimate inside We furthermore derive similar bounds for the second fundamental form of M t and its covariant derivatives.
In Section 4, we p r o ve that the initial-boundary value problem corresponding to (2) on bounded domains of R n has a smooth solution for all time which converges for t ! 1 to the unique maximal hypersurface with the given boundary values. This result applied on increasing domains in combination with the interior estimates is then used to establish the following main result of this paper.
Theorem. For arbitrary spacelike initial data u 0 : R n ! R, equation (2) admits a smooth spacelike solution u for all t > 0 which satis es u( 0) = u 0 .
Note that in contrast to even the standard linear heat equation, no assumption about the behaviour of the initial data at in nity has to be imposed. A corresponding result for mean curvature ow in Euclidean space was established in 11].
Maximum principles and local height bounds
We list without proof the particular versions of the standard maximum and comparison principles used in this paper.
1.1. Proposition. Let u 1 and u 2 be solutions of (2) on a bounded domain R n . Suppose that u 1 (x 0) u 2 (x 0) for all x 2 and u 1 (x t) u 2 (x t) for all x 2 @ and t 0. Then u 1 (x t) u 2 (x t) for all x 2 and t 0. Proof. Note that for radially symmetric solutions (3) reduces to the equation u 00 1 ; (u 0 ) 2 + n ; 1 r u 0 = 1 on the real line which can be solved using ODE methods.
We outline an alternative approach, which seems to be overkill in the case of radially symmetric solutions but has the potential to generalize to asymptotically at spacetimes. It is based on the observation that constant mean curvature spacelike h ypersurfaces can be used as barriers for solutions of (3) 
Evolution equations
Most of the evolution equations in this section were derived in 9]. They will form the basis for the a priori estimates of the next section.
We rst recall that in view of the geometric identity X = H for the position vector of the hypersurface M t , equation (1) 
Interior estimates
The proof of the existence theorem in the last section is based on the following interior estimate which simultaneously controls the gradient function and the mean curvature of M t inside the set
The estimates will also be applied to solutions of (1) 
>From the inequality ja + bj 
Longtime existence theorems
In this section, we will rst consider the initial-boundary value problem associated with equation (2) for bounded domains R n . We will then construct a global solution of (2) for arbitrary spacelike initial data u 0 : R n ! R. This is achieved by solving initial -boundary value problems on increasing domains, and then using the interior estimates of the previous section to extract a subsequence of solutions which converges smoothly on compact subsets. 4.1. Theorem. Let R n be a bounded domain with smooth boundary. Let u 0 : ! R be smooth and strictly spacelike in the sense that sup jDu 0 j < 1. Then the equation Since R > 0 is arbitrary, we can select a subsequence of (u k ) which converges smoothly on compact subsets of R n 0 1) to a solution of (2) with initial data u 0 .
